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Abstract: We study the properties of gravity and bulk fields living in a torsion warped
braneworld. The torsion is driven by a background vector whose norm provides a source for
the bulk cosmological constant. For a vector as the derivative of a scalar field, we find new
isotropic and anisotropic thick brane geometries. We analyse the features of bosonic and
fermionic fields in this isotropic and in a standing wave scenarios. The background vector
provides nonminimal coupling between the field and the geometry leading to modifications
in the Kaluza-Klein states. The spinor connection is modified by the torsion and a derivative
Yukawa-like coupling is proposed. The effects of these new couplings are investigated.
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1 Introduction
In braneworld paradigm our 4D world is view as a brane embedded in a higher dimensional
bulk spacetime. These models provide geometrical solutions for some of greatest problems in
physics, such as the the hierarchy problem [1], the origin of dark matter [2], the cosmological
constant problem [3] and the Big Bang singularity [4].
The main idea here is to define the gravity and field dynamics in the bulk and obtain
the effective dynamics on the brane by dimensional reduction. Several mechanisms were
proposed for bosonic, fermionic and gravity fields [5–11]. The dimensional reduction yields
to the standard model (SM) action on the brane and a tower of massive Kaluza-Klein (KK)
states. The KK spectrum signals for a physics beyond the standard model [12].
The extra dimensions also allow us to propose non-standard bulk dynamics and seek
for their phenomenological effects on the brane. Notably, models involving supersymmetry
[13], Lorentz violation [14], noncommutative geometry [15], orbifold internal space [16],
folded branes [17] and minetic gravity [18] were investigated.
An important geometric extension in Braneworld models is achieved considering a Weyl
geometry [19–21]. In Weyl geometry, the covariant derivative of the metric is proportional
to a vector field, altering the metric compatibility. This background vector breaks the
spacetime integrability which can be restored provided the Weyl vector be the gradient of
a scalar function. For a particular choice of the Weyl scalar potential, thick brane solutions
were found in this vacuum Weyl spacetime [19–22]. This integrable Weyl braneworld share
many properties with the Einstein-dilaton brane models [23]. Moreover, Weyl geometries
are vacuum sources for bouncing cosmologies [24].
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Another interesting braneworld extension is due to the inclusion of a torsional bulk.
Torsion breaks the symmetry of the connection while can preserves the metric compatibility
[25, 26]. In string theory, notably the heterotic theory, the skew-symmetric Kalb-Ramond
gauge field can be regarded as a torsion source [28–31]. Thus, the open string spectrum
provides bulk extensions of Riemannian geometry. Torsion models can also be found in M-
theory context [32]. Among the torsion effects on the brane we outline the modified black
hole horizon [33], a correction to the brane cosmological constant [34], a topological mass
for the gauge field [35], CPT violation [36] and the split of the brane in F (T ) teleparallel
gravity [37]. Furthermore, the coupling of torsion with standard model fields can yields to
Lorentz symmetry breaking [38? ].
In this article we propose a torsional braneworld whose torsion is driven by a back-
ground vector, in the so called Lyra geometry [40, 41]. The asymmetric Lyra connection
can be recast into a symmetric (compactible) connection by including the torsion terms in
the connection coefficients. Likewise the Weyl geometry, the resulting gravitational action
can be regarded as a tensor-vector theory [42]. The torsion in Lyra geometry provides
interesting isotropic and anisotropic cosmological solutions [43, 44], as well as modified
Kaluza-Klein models [45, 46].
We construct isotropic and anisotropic branes in 5D as vacuum solutions of tensor-
vector dynamics. We show that the Lyra background field can be a source for the bulk
cosmological constant. By assuming the background vector as the derivative of a scalar
field and an independent bulk cosmological constant, pure geometric thick brane solutions
are found. We also obtain an anisotropic standing wave braneworld [52–54] solution in this
pure geometric torsion geometry.
The torsion effects on the bulk bosonic and fermionic fields are also investigated. The
presence of torsion enables non-minimal couplings providing dissipative and massive terms.
Unlike in usual Einstein-Cartan theories, where the torsion breaks the U(1) gauge sym-
metry, by using the associated symmetric connection, the gauge symmetry is preserved
and a scalar coupling similar to a derivative dilaton-Maxwell term is allowed. For mass-
less fermion, besides the modification in the spinor connection, torsion allows a geometric
Yukawa-like interaction relating torsion, metric and the fermion. These derivative terms
strong modifies the Kaluza-Klein (KK) modes nearby the brane.
This work is organized as follows: in section (2) we review the main properties of
torsion in Lyra geometry, discussing the gravitational action and the deriving the modified
Einstein equation. In section (4) thin and thick braneworld solutions are obtained with a
background torsion and their geometric features studied. In section (4.3), the bulk fields
dynamics is analysed in both isotropic and anisotropic torsion solutions. Finally, section
(5) is devoted to additional comments and possible future investigations.
Throughout this text we adopt the mostly minus metric signature (+,−, · · · ,−). Fur-
ther, we use capital latin for the bulk space-time indexes A = 1, · · · , D, and greek indexes
for the brane µ = 0, · · · , 3.
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2 Torsion in Lyra geometry
In this section we review the definitions and the main properties of the torsional Lyra
geometry.
Firstly, let us introduce the notion of torsion in spacetime. In a parallel transport
from the point xA to xA + dxA , a vector vM changes as dvM = −ΓMABvAdxB. The
connection coefficients induce a covariant derivative in the form ∇AvM = ∂AvM + ΓMABvB.
The antisymmetric part of the connection coefficients yields the torsion tensor TMAB :=
ΓMAB − ΓMBA.
Now, we pointed out that, we can introduce the Levi-Civita connection given by the
Christoffel symbols of the second kind {MAB} := g
MN
2 (∂AgNB+∂BgNA−∂NgAB) [25], which is
a torsion free connection TMAB = 0 satisfying the metric compatibility condition ∇AgBC = 0.
In the bosonic spectrum of string theories the antisymmetric Kalb-Ramond gauge field
B2 =
1
2BMNdx
M ∧ dxN has the field strength H3 = dB2 [28]. The Kalb-Ramond field
strength provides a source for the spacetime torsion in the form TMAB = H
M
AB [29].
The possible torsion geometries can be classified by means of the components of the
torsion tensor. A general torsion tensor can be decomposed as [26]
TMNP =
1
(D − 1)(gMPTN − gMNTP )−
1
(D − 3)2!MNPQ1···QD−3S
Q1···QD−3 + qMNP , (2.1)
where TA := TBAB is the trace vector, S
Q1···QD−3 := MNPQ1···QD−3TMNP is the torsion axial
tensor, qMNP is the null trace tensor, and D is the space-time dimension [26, 27].
A special example of torsion space-time is given in the so-called Lyra geometry, where
the torsion tensor TMAB is generated by a vector field b1 = bMdx
M in the form [42]
TMAB = Γ˜
M
AB − Γ˜MBA = −
1
2
(
δMA bB − δMB bA
)
, (2.2)
whereas a vector VM is modified by a parallel transport as
δVM = −Ω(x)Γ˜MABV AdxB. (2.3)
Therefore, the Lyra torsion is a pure trace vector torsion geometry with TM =
(D−1)
2 bM ,
where the torsion vector bM is called the displacement vector [42].
Besides torsion, Lyra geometry has a rich notion of scale invariance gauge. In fact, in
addition to a coordinate system xM , a reference frame is endowed with a scale function
ϕ, i.e., (ϕ, xM ), such that a vector VM transforms as V ′M = Ω∂x
′M
∂xN
V N and Ω := ϕ(x
′)
ϕ(x)
[41]. The scale function Ω is an extra geometric gauge freedom which induces a conformal
transformation in the form ds2 = Ω2(x)gMNdxMdxN [42]. The tensor vector bM changes
under a scale transformation as b′M = Ω
−1(bM + ϕ−1∂M (log Ω2)) [41].
Assuming the Lyra connection is compactible with the metric ∇˜AgMN = 0, we can
obtain an associated torsion-free Lyra connection ∇LA whose components are given by [42],
ΓMAM = Ω
−1{MAM}+
1
2
(δMA bB + δ
M
B bA − gABbM ). (2.4)
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Note that for the gauge choice Ω = 1 the torsion-free Lyra connection is similar to the Weyl
connection [41].
The Lyra connection modifies the Ricci tensor in the form RLMN = R
L
(MN) + R
L
[MN ],
where the symmetric part is given by [41]
RL(MN) = Ω
−2RMN +
Ω−1
2
(2∇(MbN) +∇CbcgMN )−
1
2
(bMbN − bCbCgMN ), (2.5)
where RMN is the Ricci tensor obtained from the Levi-Civita connection and the skew-
symmetric part has the form [41]
RL[MN ] = Ω
−1fMN , (2.6)
where fMN := ∂MbN − ∂NbM [41]. The appearance of a skew-symmetric term in the Ricci
tensor is an ubiquitous feature of torsion theories and in Einstein-Cartan models is related
to the spin interaction [25]. In Lyra torsion model the R[MN ] term seems linked to the
dynamics of the torsion vector bM .
The Ricci scalar curvature derived from the Lyra connection RL := gMNRMN for Ω = 1
can be written as [42],
RL = R+
1
4
(D − 2)(D − 1)bAbA + (D − 1)∇AbA (2.7)
where D is space-time dimension, R is the Ricci scalar build from the torsion-free Levi-
Civita connection and the capital letters represent the indexes in bulk. Likewise Weyl
geometry, the torsion tensor can be regarded as an external field modifying the space-time
curvature. Notwithstanding, note that the skew-symmetric component of the Lyra-Ricci
tensor vanishes when contracted with the metric.
The presence of space-time torsion enlarges the possible gravitational dynamics, by
allowing new interactions and possibly considering both the metric and connection as inde-
pendent variables [25]. Nonetheless, in the present work we consider the torsion vector as
a background field and assume a metric theory described by an extension of the Einstein-
Hilbert gravitation action in the form
Sg =
1
κg
∫
ΩDRL
√
|g|dx1 · · · dxD, (2.8)
which yields to the modified Einstein equation
RMN − 1
2
gMNR = −Ω
2
4
(D − 2)(D − 1)(bMbN − 1
2
gMNbCb
C). (2.9)
The Einstein equation (2.9) may be interpreted as a tensor-vector-scalar theory of gravity
or only a tensor-scalar theory by assuming bM = ∂Mh. This theory is similar to the Brans-
Dicke gravity in some special regimes [42].
It is worthwhile to mention that a kinetic term for the torsion vector can be obtained
as
Sb = α
∫
ΩDR[MN ]R
[MN ]
√
|g|dx1 · · · dxD, (2.10)
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which yields to a Lagrangian similar to the dilaton-Maxwell term αΩD−2fMNfMN . Ac-
cordingly, considering only linear terms for the curvatures, i.e., without high-order terms in
the gravitational Lagrangian, yields to background torsion vector. Further, for bM = ∂Mh,
i.e., in the tensor-scalar regime, the term R[MN ]R[MN ] vanishes identically.
The effects of the torsion in Lyra geometry were investigated in black holes modified
solutions [42], cosmology [43, 44] and Kaluza-Klein (KK) models [45, 46]. In next section
we explore the torsion effects in warped braneworld models assuming the torsion as a source
for the thick brane configurations. Furthermore, we point out a possible relation between
the Lyra torsion and the Kalb-Ramond field in 5D.
3 Warped braneworld solutions
In this section we study some brane geometries which are solutions of the modified Einstein
equation (2.9).
For a covariant constant displacement vector ∇MbM = 0 the torsion provides the bulk
cosmological constant. In fact, the norm bMbM is a global constant throughout the bulk
and hence we can define the bulk cosmological constant Λ as
Λ =
(D − 1)(D − 2)
8
bMb
M . (3.1)
Thus, for a AdSD bulk, bM ought to be a spacelike vector.
Despite being considered here as a background field, the dynamics for the torsion vector
bM might be provided from the Kalb-Ramond field. A noteworthy fact is that the Kalb-
Ramond is equivalent to a vector field in 5D. In fact, ?H3 is a 2-form which can be written
as ?H3 = fMN2 dx
M ∧ dxN , where f2 = dA˜1 is a pseudo electromagnetic field. Thus, the
Kalb-Ramond kinetic term SB =
∫
?H3 ∧H3 is equivalent to a dual pseudo electromagnetic
term SA˜ =
∫
?f2 ∧ f2. The Kalb-Ramond free field equation of motion d(?H3) = 0 and
dH3 = 0 are ready satisfied, and the field strength can be written as
HMNP = 
ST
MNP∂SA˜T . (3.2)
From the Kalb-Ramond field strength we can obtain the pseudo electric and magnetic
fields E˜y = 
ijk
0y Hijk and B˜i = H0iy and write the Lyra vector as b
M = (0, ~˜B, E˜y). For
a pure-gauge configuration A˜1 = dφ the kinetic term vanishes resulting in a torsion-free
gravitational theory. By including the dilaton interactions, this torsion free geometry ex-
hibits conformal symmetry and provides a source for a Weyl geometry [27]. Other possible
configurations can arise in vector and tensor spontaneous Lorentz violating theories [38].
Therefore, we speculate that five dimensional space-times are interesting scenarios to seek
for torsion Lyra geometry with a Kalb-Ramond source. Henceforward we concern ourselves
to D = 5 models.
3.1 Isotropic brane
Consider a warped brane metric in the form
ds25 = e
−2A(y)ηµνdxµdxν − dy2. (3.3)
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For Λ = 3b2/2 < 0 let us consider bM = (0, 0, 0, 0, b4). The vacuum Einstein equation in
the extra dimension yields to A(y) = ±
(
b4
4 y
)
+A0, providing a thin 3-brane immersed in
the AdS5 RS model [1].
For a spacelike vector bA = (0, b1, b2, b3, b4), the contravariant components are bi =
e2Abi. Therefore, the background vector bi is exponentially suppressed on the 3-brane at
the origin. Since the background vector can couples with the standard model fields, as we
will discuss in next section, the suppression of this vector might explain the small departure
of Lorentz symmetry on the brane [38, 39].
An interesting interpretation of the torsion in Lyra spacetimes is achieved for bM =
∂Mh(x) from which the Einstein equation with a bulk cosmological constant reads
GMN = −3T˜MN + ΛgMN , (3.4)
where T˜MN =
(∇Mh∇Mh− 12gMN∇Ch∇Ch) is analogous to the stress energy tensor of a
massless real scalar field h(x). Assuming that the Lyra scalar field h(x) does not propagate
on the brane, the free field equation of motion gMN∇M∇Nh = 0 yields to −h′′(y) +
4A′(y)h′(y) = 0 whose solution is h =
∫
e(4A+c1)dy + c2.
The Einstein equation in the extra dimension yields to
6A′2 = −3
2
h′2 − Λ, (3.5)
thus, the torsion provides a negative term in Eq.(3.5), which possesses solution provided
h′ ≤ (2Λ/3)1/2.
For the free Lyra scalar A = ln
[
−2Λ
h′0
sech2
(
2
√
−2Λ
3 y
)] 1
8 , and the Lyra scalar field
has the form h = tg−1
(
tanh
[
2
√
−2Λ
3 y + c2
])
. Therefore, a free Lyra scalar field exhibits
a kink-like profile with a localized energy density around the brane at y = 0 and a nonva-
nishing value asymptotically. In a similar form, accelerated cosmological solutions in 4D
were found in bounce models generated by a Weyl scalar [24]. This free field configuration
provides a divergent warp factor and thus, an additional mechanism is required in order to
trap gravity. Note, however, that a constant derivative h′ = h0 satisfies the free field equa-
tion with a constant energy density and negative pressure. Thus, the Lyra scalar provides
a positive cosmological constant term which opposes to the bulk cosmological constant.
The profile of the free Lyra scalar motivated us to seek for a background Lyra scalar
localized near the origin in the form
h(y) =
1
λ
√
−2Λ
3
tg−1 (tanhλy) . (3.6)
Using this ansatz, the Einstein equations (3.5) provides the warp factor
A(y) =
1
λ
√
−Λ
6
log coshλy, (3.7)
where λmeasures the width of the Lyra scalar non-constant region. In figure (1) we compare
the RS Z2-orbifolded solution A(y) = k|y| (thin line) to the smooth warp factor in Eq.(3.7).
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Figure 1. Warp function for λ = 1 (dashed
line) and for the RS model (thin line).
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Figure 2. Warp factor for λ = 1 (dashed line)
and for the RS model (thin line).
Thus, remarkably, this pure-geometric braneworld scenarios is equivalent to the thick brane
models.
The resulting geometry is a family of asymptotically AdS5 spacetimes with warped
metrics parametrized by the ratio between Λ and λ in the form
ds2 = sech2
√
−Λ/6λ2(λy)ηµνdxµdxν − dy2. (3.8)
This braneworld solution, including the scalar field pattern, is rather similar to one found
in teleparallel f(T ) gravity [37]. The profile of the energy density and the scalar curvature
are shown, respectively in Figures 3 and 4. The torsion term in Einstein equation provides
a negative pressure that smooths the brane.
-10 -5 5 10 y
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8
ρ(y)
Figure 3. Energy density for λ = 1 (dashed
line) and λ = 2 (thin line) using Λ = −λ2.
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R(y)
Figure 4. Ricci scalar for λ = 1 (dashed line)
and λ = 2 (thin line) using Λ = −λ2.
Considering bM = (0, 0, 0, 0, Ey), the Lyra scalar h behaves as a static potential function
Ey = ∂yh whose profile is shown in figure (6). Thus, the torsion interpolates between these
two asymptotic values and it is concentrated around the brane. On the other hand, although
being considered here as a background field, a noteworthy property is that the Lyra scalar
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field in Eq.(3.6) could also be regarded as a solution for the EOM gMN∇Mh∇Nh = V ′(h),
where V (h) is a exotic modified sine-Gordon potential of form
V (h) =
−2Λ
κ5λ
(λ+ 4
√−Λ)
{√
cos(2ch)−
√
2 cos(ch) log[
√
2 cos(ch)
+
√
cos(2ch)]
}
sec(2ch)
√
1− tan(ch)2, (3.9)
and c =
√
−λ2κ5
2Λ . In figure (5) we plotted this dual potential comparing to the sine-Gordon
potential (dashed line). The modified potential has a compact support only near the critical
points of the sine-Gordon potential.
-10 -5 5 10 h
-0.5
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2.0
V(h)
Figure 5. Lyra scalar potential for c = 1
(thin), c = 2 (thick) and the sine-gordon po-
tential (dashed).
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Figure 6. Lyra scalar for λ = 1 (dashed line)
and λ = 2 (thin line).
3.2 Anisotropic standing wave branes
We consider a warped anisotropic metric ansatz in the form
ds2 = eA(y)
(
dt2 − eu(y,t)dx2 − eu(y,t)dy˜2 − e−2u(y,t)dz2
)
− dy2, (3.10)
where A(y) and u = u(y, t). The Einstein equations yields to the system of differential
equations
− 1
2
eA+u
(
2A
′2 +A
′′ − e−Au¨+ 2A′u′ + u′′
)
= −2
3
eA+uΛ, (3.11)
− 1
2
eA−2u
(
2A
′2 +A
′′
+ 2e−Au¨− 4A′u′ − 2u′′
)
= −2
3
eA−2uΛ, (3.12)
1
2
eA
(
2A
′2 +A
′′ − 3e−Au˙2
)
= −κ25h˙2 +
2
3
eAΛ, (3.13)
− 3
2
u˙u
′
= −κ25h˙h
′
, (3.14)
1
2
(
−2A′2 − 4A′′ − 3u′2
)
= −κ25h
′2 − 2
3
Λ. (3.15)
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Q(y)
Figure 7. Profile of the Lyra scalar for a flat Lorentzian brane (thin line) and for an anisotropic
brane (thick line).
Note that Eq. (3.14) leads to h˙ =
√
3
2κ25
u˙ and h′ =
√
3
2κ25
u′. For A′′(r) = 0 and A′2(y) = 23Λ,
where Λ > 0, the u(y, t) satisfies
− e−Au¨+ 2A′u′ + u′′ = 0. (3.16)
Choosing a standing wave ansatz u(y, t) = Q(y) sin(ωt) gives
Q′′(y) + 2A′(y)Q′(y) + ω2e−A(y)Q(y) = 0. (3.17)
For A(y) =
√
2
3Λ|y| the general solution to this equation is
Q(y) = C1e
−
√
2
3
Λ|y|
J2
(√
6
Λ
ωe
−
√
Λ
6
|y|
)
+ C2e
−
√
2
3
Λ|r|
Y2
(√
6
Λ
ωe
−
√
Λ
6
|y|
)
, (3.18)
where J2, Y2 are first and second kind Bessel function of order 2, respectively, and C1, C2
are integration constants [52–54].
Even though the exponential function allows a finite Y2, at the origin, let us consider
the Bessel function of the first kind Y1 only, resulting in
Q(y) = C1e
−
√
2
3
Λ|y|
J2
(√
6
Λ
ωe
−
√
Λ
6
|y|
)
. (3.19)
The boundary condition Q(0) = 0 allows only the frequencies satisfying
ω
√
6
Λ
= X2,n, (3.20)
where X2,n is the n-st root of the Bessel function J2, [52]. Insofar as A(y) > 0, the number
of roots of Eq. (3.20) is finite and it can be restricted to one zero at the origin by assuming
ω
√
6
Λ = X1 = 5.14 [52].
In order to analyse the behaviour of the standing wave geometry, We plotted the
function Q(r) in Fig. (1) for
√
6
Λω = 5.14 (thin line and for
√
6
Λω = 1 (thick line). Once
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the torsion scalar field is given by h(y, t) =
√
3
2κ5
Q(y) sin(ωt), the solutions where Q(0) = 0
represents a torsion-free standing wave branes.
In the next secton the properties of bulk fields in the isotropic and standing wave
solutions are investigated. Once space-time time-dependence enhances the complexity of
the field equations, a suitable regime to seek for the geometry effects upon the fields is
achieved assuming that the field frequency is much smaller than the standing wave frequency
ω. Further, considering the average of the configurations [52]
〈u〉 = 〈u˙〉 = 〈u′〉 = 〈 ˙(ebu)〉 = 0, (3.21)
the only non-vanishing terms are
〈ebu〉 = I0, (3.22)
〈
(
ebu
)′〉 = b2ZZ ′ [I0 + pi
2
(I0L1 − I1L0)
]
, (3.23)
where I0, I1 are the modified Bessel functions and Struve L0, L1 functions for the arguments
bZ.
4 Bulk fields
In this section we investigate the properties of Bulk fields in this torsion geometry. The
background Lyra vector provides non-minimal couplings whose effects are analysed.
4.1 Scalar field
In order to study the behaviour of scalar field consider the action for a non-minimally
coupled scalar
SΦ =
1
2
∫
d5x
√−g
(
gMN∇LMΦ∇LNΦ− ζR
Φ2
2
)
. (4.1)
The equation of motion (EOM) is gMN∇LM∇LNΦ − ζRΦ = 0. Using the Lyra connection
expression Eq.(2.4), the EOM reads
∂M
(√−ggMN∂NΦ)+ 3
4
TP∂PΦ + ζRΦ = 0. (4.2)
The torsion coupling 34T
P∂PΦ provides a dissipative-like term depending on the background
vector bM .
Consider the isotropic brane determined by the warp factor in Eq.(3.7). The Kaluza-
Klein decomposition Φ(x, y) = Φ˜(x)χ(y), where the scalar field on the brane satisfies
∂µ∂
µΦ˜ = m2Φ˜, yields the EOM Eq.4.2 to
χ′′ −
(
4
√−Λ tanhλy − 3
2
by
)
χ′ +
{
m2 coshp λy − 2ζΛ
(
5
3
+ Sech2λy
)}
χ = 0, (4.3)
where p :=
√−Λ/λ is a dimensionless parameter. Near the brane, the massive modes satisfy
χ′′(y) + 32λ
√
2
κ5
χ′(y) + m′2χ(y) = 0, where m′2 = m2 − 16ζΛ3 . Thus, the torsion coupling
adds a damping factor exp(−34λ
√
2
κ5
y) into the massive modes around the brane.
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For Λ = −6λ2, the change of coordinate z = (1/λ) sinhλy turns the metric into the
conformal form ds2 = 1
1+λ2z2
(ηµνdx
µdxν−dz2). In this coordinates, the KK equation takes
a Schrödinger-like form −Ψ¨ + Ua(z)Ψ = m2Ψ, where
UΦ =
3λ2
4(1 + λ2z2)2
(5λ2z2 − 2) + 2Λζ
(1 + λ2z2)
(
5
3
+
1
1 + λ2z2
)
, (4.4)
and the dot stands for d/dz. For ζ = 0, the analogue Schrödinger potential UΦ has a
SUSY-like structure UΦ = W 2 − W˙ , where the superpotential is W = 32
(
A˙− 12 h˙
)
. In this
regime, this potential enables a normalized massless mode
Ψ0 =
N
(1 + λ2z2)3/4
, (4.5)
and it shows a gapless KK massive spectrum. For ζ 6= 0 the analogue SUSY symmetry is
-10 -5 5 10 z
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-10
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UΦ(z)
Figure 8. Potential for the scalar field without
torsion coupling.
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Figure 9. Potential for the scalar field with
torsion coupling.
broken, albeit the massive tower remains not localized. Further, for a scalar field witout the
torsion coupling, the potential exhibits a symmetric profile where the higher ζ is the deeper
the potential well around the origin becomes, as shown in Fig.(8). Thus, for a strong non-
minimal coupling the potential approaches a reflectionless potential, as the Pöschl-Teller
found in [21]. The torsion coupling breaks the Z2 symmetry of the potential producing a
barrier for z < 0 and a well for z > 0, as shown in Fig.(9). Moreover, the massless mode is
modified by the torsion coupling by
Ψ0 = Ne
3h/4e−3A/2, (4.6)
thereby amplifying the wave function near the brane and breaking the Z2 symmetry.
Now let us consider the standing wave geometry. For the sake of simplicity, we assume
a minimal coupling to the Bulk geometry. By setting
√
2
3Λy = 2ay and y > 0, results in
the KK equation [
∂2t − e−u(∂2x + ∂2y˜)− e2u∂2z
]
Φ = e2ay.
(
e4ayΦ′
)′ (4.7)
– 11 –
-10 -5 5 10 z
0.5
1.0
1.5
2.0
ψ0Φ(z)
Figure 10. Scalar field massless mode for λ = 1 with the torsion coupling (thin line) and without
the torsion coupling (dashed line).
Assuming the KK decomposition Φ(xν , y) = eipνxνξ(y), equation (4.7) takes the form(
e4ayξ′
)′
= e2ay
[
(p2x + p
2
y˜)e
−u + p2ze
2u − p2t
]
ξ. (4.8)
Once the eikonal functions pν are unknown, we employ the condition whereupon the stand-
ing wave frequencies are much bigger than the field frequencies, thereby leading to(
e4arξ′
)′ − e2arP 2(r)ξ = 0, (4.9)
where P 2(r) = (〈e−u〉 − 1)(p2x + p2y˜) + (〈e2u〉 − 1)p2z. Due to the complexity of the KK
Eq. (4.9) we investigate this equation near the brane y → 0 and in the asymptotic regime
y →∞. Nearby the brane P 2(y)|y→0 ∼ y2, whereas asymptotically P 2(y)|y→∞const. Thus,
the scalar field exhibits the respective behaviour
ξ(y)|y→0 ∼ constant, (4.10)
ξ(y)|y→∞ ∼ e−4ay. (4.11)
Therefore, the standing wave scenario enables a normalized massless mode.
Considering the the non-minimal coupling the equation for the extra dimension turns
into
(
e4ayξ′
)′ − e2ayP¯ 2(y)ξ = 0, (4.12)
where
P¯ 2(y) = (〈e−u〉 − 1)(p2x + p2y˜) + (〈e2u〉 − 1)p2z −
5
3
Λκ25e
−2ay. (4.13)
The inclusion of the non-minimal term 53Λκ
2
5e
−2ay provides only a constant for y → 0 and
for y →∞ there is no difference from the results obtained for Eq. (4.9).
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4.2 Gauge field
We begin considering a general gauge invariant Lagrangian for a vector field in the form
LA = LA,T + LA,S (4.14)
where the a trace-torsion vector coupling is
LA,T := √g(TCTC)gMNgPRFMPFNR (4.15)
and the axial coupling is
LA,T := √gSMPSNRFMPFNR. (4.16)
The field strength is defined as FMP = ∇LMAP − ∇LPAM and ∇LP is the torsion-free con-
nection. The presence of torsion usually breaks the gauge symmetry [47]. Nevertheless,
the existence of an associated torsion-free connection in Lyra geometry preserves the U(1)
gauge symmetry. Further, in Lyra geometry, the tensor SMN vanishes and then we con-
sider the LA,T term only. The coupling between the gauge field and the background vector
bC provides a birefringence interaction for the vector field. The norm of the trace torsion
vector TC can be interpreted as a kind of dilaton interacting with the spin one field. For
bC = ∂Ch, this term can be regarded as a derivative dilaton-Maxwell theory. The resulting
equation of motion is
∂M
(
(bCb
C√ggMNgPRFNR
)
= 0. (4.17)
In the isotropic scenario with warp factor Eq.(3.7), by performing the KK dimensional
reduction Aµ(x, y) = A˜µ(x)Φ(y) and choosing ∂µAµ = Ay = 0, we obtain the KK equation
m2b2Φ− (b2e−2AΦ′)′ = 0, (4.18)
where the KK mass arises from ∂µ∂µAν = m2Aν and b2 = bCbC . The massless mode is
given by
Φ0 =
∫ y e2A
b2
dy′ + c. (4.19)
Although the first term diverges, a constant massless mode Φ0 = c is localized provided
that
∫
b2dy converges, as for b2 = h′2 in Eq.(3.6).
Performing the change of coordinate z′ =
∫
eA
b dz
′′, the Eq.(4.18) turns into −Ψ¨A +
UA(z
′)ΨA = m2ΨA, where
UA =
1
4
(
A˙− b˙
b
)2
+
1
2
d
dz′
(
A˙− b˙
b
)
. (4.20)
Unlike for the scalar field, the Schrödinger equation is not written in the conformal coordi-
nate due to the presence of the non-minimal coupling. In spite of the analytical form of the
function z(y) can not be found in general, the regularity and positivity of z′(y) guarantees
that some asymptotic and qualitative features can be addressed. Notably, since A˙ = be−AA′
the potential vanishes asymptotically provided be−A → 0 as z →∞. This condition is ful-
filled for a covariant constant background Lyra vector bM = e−A(0, 0, 0, 0, b4) and for the
scalar Lyra bM = ∂Mh as well.
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The corresponding massless bound state has the form
Ψ0A = NA
√
be−
1
2
A, (4.21)
which for a covariant constant background vector provides a constant that can be absorbed
into the normalization constant. For bM = ∂Mh the massless is Ψ0A = NAe
1
2
Ah˙ which
vanishes asymptotically, for h′ = eAh˙→ 0 as z →∞, thereby showing a damping effect of
the non-minimal torsion interaction to the massless gauge field.
Now let us study the behaviour of the gauge field in the standing wave model. We
assume a minimal coupling and the anisotropic ansatz
AM = v(r)(at(x
µ), euax(x
µ), euay˜(x
µ), e−2uaz(xµ), 0). (4.22)
Taking the time average of the y component of Eq. (4.17) yields to ∂α
(
gαβA′β
)
= 0 and
gαβ∂αAβ = η
αβ∂αaβ = 0, which represent the gauge conditions. The EOM (4.17) on the
brane are
∂µ
(
gµνgαβFνβ
)
− 1√
g
(√
ggαβA′α
)′
= 0. (4.23)
Considering the time average of Eq.(4.23) with the gauge conditions provides
vgαβ∂α∂βaµ + e
−2a|y|
(
e−2a|y|v′
)′
aµ = 0. (4.24)
In addition, assuming the eikonal form aµ(xν) ∼ µeipνxν , the Eq. (4.24) results in(
e2a|y|v′
)′ − P 2(y)v = 0. (4.25)
The asymptotic behaviour of the massless mode is
v(y)|y→0 ∼ constant, (4.26)
v(y)|y→∞ ∼ e−2a|y|. (4.27)
Therefore, the anisotropy driven by the standing wave brane is enough to trap gauge mass-
less mode.
4.3 Fermion field
We propose the following non-minimal coupling of the massless bulk spinor and the torsional
geometry
SΨ =
∫
d5x
√−g
[
Ψ¯iΓMDMΨ− (1hp
√
R− 2h)Ψ¯Ψ
]
, (4.28)
where p ∈ N, ΓM = eM
M¯
γM¯ are the Dirac matrices in a curved spacetime, γM¯ are the flat
Dirac matrices and the vielbeins eM
M¯
satisfy gMN = ηM¯N¯eM¯Me
N¯
N . The spinorial covariant
derivative in torsional Lyra geometry has the form [49–51]
DM = ∂M + Ω
L
M , (4.29)
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where ΩLM = ΩM + Ω
′
M is the torsion spinor connection, with ΩM =
1
4Γ
M¯N¯
M γM¯γN¯ being the
torsion-free spinor connection and ΓM¯N¯M are 1-form Levi-Civita connection coefficients, i.e.,
ωM¯
N¯
= ΓM¯
MN¯
dxM . The torsion provides a new spin connection term Ω′M = −12TM which
for bM = ∂Mh yields to Ω′M = −(3/2)∂Mh. Further, the background vector provides a
non-minimal mass term of form
F (h, g) = (1h
p
√
R− 2h), (4.30)
which can be regarded as a kind of geometric Yukawa-like derivative interaction between
the fermion, the Lyra scalar (torsion) and the metric. The coupling constants 1,2 are
dimensionless real numbers.
For the isotropic scenario in the conformal coordinate the metric can be written as
ds2 = ηM¯N¯ θˆ
M¯ ⊗ θˆN¯ where θˆM¯ = e−AδM¯M dxM . The Cartan equation dθˆM¯ + ωM¯N¯ θˆN¯ = 0
yields to the nonvanishing 1-form connections coefficients Γµ¯5ν¯ = −A˙δµ¯ν¯ and Γ5µ¯ν¯ = −A˙ηµ¯ν¯ .
Thus, the Dirac equation reads[
γµ(∂µ +
3
2
bµ) + γ
z(∂z − 2A˙− 3
2
bz))− e−A(1hp
√
R− 2h)
]
Ψ = 0. (4.31)
For γµ(∂µ + 32bµ)Ψ = mΨ and Ψ(x, z) = f(z)
∑
ψ4R(x)αR(z) + ψ4LαL(z), where f(z) =
e2A+
3
2
∫
bzdz′ the Dirac equation leads to
(∂z + e
−A(1hp
√
R− 2h))αL = mαR
(∂z − e−A(1hp
√
R− 2h))αR = −mαL. (4.32)
By decoupling the system (4.32), we obtain −α¨R,L + UR,L(z)αR,L = m2αR,L, where
UR,L = e
−2A(1hp
√
R− 2h)2 ± d
dz
[e−A(1hp
√
R− 2h)] (4.33)
Due to the complexity of the fermion potential, we study the properties for each interaction
separately. Let us first consider the 2 = 0 case for p = 1. We plotted the analogue quantum
potential for the left chirality using λ = 2 in figure (11) and the massless mode in figure
(12). Unlike the scalar field, the non-minimal coupling intensify the interaction between
the fermion and the brane by enhancing the potential barrier and the massless mode decay.
By varying the parameter p the width of the potential well increases, as well as the high
of the barriers. Besides, figure (13) shows two asymmetric minima inside the volcano well.
These minima deforms the massless bound state by shifting their peaks from the origin, as
shown in figure (14). Moreover, the increase of the potential barrier due to p augmented
the massless mode localization.
Finally, let us consider the derivative coupling for 1 = 0. This interaction strongly
modifies the volcano potential by reducing the width and the depth of the potential well,
though keeping only one minimum inside the well, as shown in figure (15). The correspond-
ing bound state is localized inside the well and its amplitude increase as the brane width
decreases, as shown in figure (16).
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Figure 11. Potential for the left chirality.
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Figure 12. Fermion massless mode.
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Figure 13. Left-handed potential with p = 3
(dotted line) and p = 5 (thick line).
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Figure 14. Left-handed massless mode with
p = 3 (dotted line) and p = 5 (thick line).
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Figure 15. Left-handed potential with 1 = 0
for λ = 1 (dotted line), λ = 2 (thin line) and
λ = 3 (thick line).
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Figure 16. Left-handed massless mode with
1 = 0 for λ = 1 (dotted line), λ = 2 (thin line)
and λ = 3 (thick line).
In the standing wave background, the spin connection has the following nonvanishing
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components
Ωt¯y¯t = −
(
ea|y|
)′
; Ωx¯y¯x = Ω
¯˜yy¯
y˜ = −
(
ea|y|+u/2
)′
;
Ωz¯y¯z = −
(
ea|y|−u
)′
; Ωx¯t¯x = Ω
y¯t¯
y˜ =
(
eu/2
).
; Ωz¯t¯z =
(
e−u
).
. (4.34)
Assuming the chiral KK decomposition Ψ(xν , y) = ψL(xν)λ(y) +ψR(xν)ρ(y) and consider-
ing the standing wave average time regime, the equations for the extra dimension variable
are, respectively [52],
λ′′ −
[
5a sgn(y)− P
′
P
]
λ′ +
[
4aδ(y) + 6a2 − 2a sgn(y)P
′
P
− P 2e−2a|y|
]
λ = 0, (4.35)
and
ρ(y)D = ea|y|
σiPi(y)
P 2(y)
[2a sgn(y) + ∂y]λ(y)L. (4.36)
where σi (i = x, y, z) represent the standard 2× 2 Pauli matrices. The average momentum
components are
Px(y) = [I0(|C1|Q(y)/2)− 1] px,
Py(y) = [I0(|C1|Q(y)/2)− 1] py˜, (4.37)
Pz(y) = [I0(|C1|Q(y))− 1] pz,
where the function Q(y) is the standing wave solution given in Eq. (3.19), L and D
are constant 2-spinors. Likewise the bosonic fields considered above, the Eq.(4.35) is too
complicated to be addressed algebraically. Yet, we only need to consider its asymptotic form
close and far from the brane. Nearby the brane the left and right fermions are λ(y)|r→±0 =
Be−2a|y| and ρ(y)|y→±0 = 0, whilst asymptotically they behave as λ(y)|y→±∞ ∼ e−3a|y| and
ρ(y)|y→±∞ ∼ e−2a|y|, respectively. The relations above show the standing wave scenario
allows a bound massless left fermion on the brane while the right chirality is kept a free
bulk state.
5 Final remarks and perspectives
In this work we proposed torsional 5D isotropic and anisotropic braneworld scenarios whose
dynamics is equivalent to a tensor-vector gravity theory. The torsion steams from a back-
ground vector in the so-called Lyra geometry.
Inasmuch as the tensor vector is covariantly constant, the squared norm of this Lyra
vector can be regarded as a source for the bulk cosmological constant. Assuming the
Lyra vector as the derivative of a scalar field we obtained an isotropic scenario similar
to the coupled two field Bloch brane [10]. This configuration can be obtained from a
self-interacting modified sine-Gordon potential. The profile of such potential exhibits a
compact support around the vacua of the usual sine-Gordon potential. The existence of BPS
configurations of this potential and the relation with compactons solutions are interesting
for future developments [55, 56]. Moreover, the Lyra scalar also acts as a source for a smooth
– 17 –
and anisotropic standing wave model. In the isotropic model the Lyra scalar vanishes at
the origin whereas the standing wave solution supports a non-zero Lyra scalar on the brane
whose cosmological can be further investigated.
The background vector allow us to define non-minimal couplings to the bulk fields.
For a scalar field in the isotropic model a curvature mass-like term modifies the interaction
between the KK modes and the brane. In fact, for high values of the non-minimal coupling
parameter the analogue KK quantum potential tends to a reflectionless potential, as one
found in [21]. Thus, this non-minimal coupling reduces the chances to detect massive modes
on the brane. For the Abelian gauge vector we proposed a modified kinetic term with a
birefringence-like factor proportional to the norm of the Lyra vector. If bM = ∂Mh, this
coupling resembles a derivative dilaton-gauge vector interaction. Though more involved,
the anisotropy in standing wave geometry enables the existence of a normalized massless
mode even without the non-minimal coupling for both the scalar and vector fields.
The spinor connection is modified by the torsion that yields to a derivative Ψ¯iΓM∂MhΨ
coupling. In addition, we proposed a non-minimal coupling of form hRΨ¯Ψ, which can be
considered as a pure-geometric Yukawa-like coupling. It turns out that only the non-minimal
coupling leads to relevant modifications to the fermionic KK modes. Indeed, the volcano
potential is everywhere positive, whilst a gapless massive tower and a localized massless left-
chiral mode are still allowed. It is worthwhile to mention that the KK reduction provides
a CPT-odd SME Lorentz violating term iψ¯γµbµψ [38, 39]. We argue that by considering
more non-minimal couplings other SME terms could be generated and their experimental
test could be used to obtain upper bound to the bulk-brane torsion. Furthermore, in the
standing wave model the Lyra scalar is non zero on the brane what could lead to interesting
cosmological effects.
The close relationship between Lyra and Weyl geometries in braneworld models is
another topic which was addressed. In a integrable Weyl geometry and using a general
conformal invariant action, some pure-geometric thick branes were found [20, 21]. Therefore,
the investigation of a pure-geometric thick branes in a conformal Lyra geometry, and the
effects upon the fields thereof, it is a worth extension of the present work.
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